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Abstract
We argue that quantum electrodynamics combined with quantum gravity results in a new
source of CP violation, anomalous non-conservation of chiral charge and quantisation of electric
charge. Further phenomenological and cosmological implications of this observation are briefly
discussed within the standard model of particle physics and cosmology.
1 Introduction
Gravitational interactions are typically neglected in particle physics processes, because their lo-
cal manifestations are minuscule for all practical purposes. However, local physical phenomena
are also prescribed by global topological properties of the theory. In this paper we argue that
non-perturbative quantum gravity effects driven by electrically charged gravitational instan-
tons give rise to a topologically non-trivial vacuum structure. This in turn leads to important
phenomenological consequences - violation of CP symmetry and quantisation of electric charge
in the standard quantum electrodynamics (QED) augmented by quantum gravity.
Within the Euclidean path integral formalism, quantum gravitational effects result from
integrating over metric manifolds (M, gµν) with all possible topologies. The definition of Eu-
clidean path integral for gravity, however, is known to be plagued with difficulties. In particular,
the Euclidean Einstein-Hilbert action is not positive definite, SEH ≶ 0 [1]. Nevertheless, for the
purpose of computing quantum gravity contribution to particle physics processes described by
flat spacetime S-matrix , we can restrict ourself to asymptotically Euclidean (AE) or asymptot-
ically locally Euclidean (ALE) manifolds. The AE and ALE vacuum manifolds are known to be
Ricci flat, R = 0, and have non-negative action, SEH > 0, according to the positive action the-
orem [2, 3]. Furthermore, while for AE manifolds, SEH = 0 implies that they are Riemann-flat
(no gravity), ALE manifolds with SEH = 0 nesseccary have (anti)self-dual Riemann curvature
tensor. Hence, it is reasonable to think that ALE vacuum manifolds describe a topologically
non-trivial vacuum structure of quantum gravity in close analogy to the instanton vacuum
structure in a Yang-Mills theory. However, unlike the Yang-Mills instanton background, the
background of gravitational (anti)self-dual instantons do not support renormalizable fermion
zero modes. This implies that ALE gravitational instantons do not induce e.g. anomalous
violation of a global axial charge and are believed have no phenomenological implications in
particle physics1.
The conclusion is dramatically different once one includes into consideration the Standard
Model gauge interactions alongside gravity. Namely, we will argue that electrically charged
gravitational instantons support fermion zero modes and hence induce anomalous chiral sym-
metry breaking in QED. Furthermore, the transition between topologically inequivalent vacua
mediated by such instantons give rise to a θ-vacuum and the CP violation in QED. Finally,
we will argue that in the background of ALE manifolds that admit spinors, electric charge
is necessarily quantised. In addition, charged gravitational instantons may have important
ramifications for cosmology, as it will be briefly discussed at the end of the paper.
1It has been suggested that for global gravitational anomalies the relevant instantons are exotic spheres [4].
The (non)existence of exotic spheres in 4D, however, has not been proven yet.
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2 The Eguchi-Hanson instanton
We start by recalling basic properties of the simplest anti-selfdual gravitational instanton, the
Eguchi-Hanson (EH) instanton [5]2. The metric for the EH instanton is:
ds2 =
1
1− a4
r4
dr2 + r2
[
σ2x + σ
2
y +
(
1− a
4
r4
)
σ2z
]
(1)
where σi are the differential one-forms:
σx =
1
r2
(x dt−t dx+y dz−z dy) = 1
2
(sinψ dθ− sin θ cosψ dφ) (2)
σy =
1
r2
(y dt−t dy+z dx−x dz) = 1
2
(− cosψ dθ− sin θ sinψ dφ) (3)
σz =
1
r2
(z dt−t dz+x dy−y dx) = 1
2
(dψ+cos θ dφ) (4)
Defining the curvature 2-form as3:
Rab =
1
2
Rabµν dx
µ ∧ dxν ,
it has been shown in [5] that this metric satisfies the anti-selfduality property:
Rab = −
1
2
ǫabcdR
c
d (5)
which, in turn, implies that the metric is Ricci flat, R ≡ Raa = 0.
The metric is evidently singular at r = a however it can be removed by performing a Z2
identification of the coordinates. This can be seen as follows. Letting u = r
√
1− a4/r4, it can
be shown that near r = a (or u = 0), the metric can be rewritten in terms of the Euler angles
on S3 as [6]:
ds2 =
1
4
du2+
1
4
u2(dψ+cos θ dφ)2 +
a2
4
(dθ2 + sin2 θ dφ2) (6)
Here, it is evident that at fixed θ and φ, the metric becomes the usual metric of a plane with
radial coordinate u and angular coordinate ψ. Therefore, to remove the apparent singularity at
u = 0, one must restrict the domain of ψ to [0, 2π). With this modification, it is clear that the
2Multi-instanton generation of EH instanton solution is given in Ref. [7]. For a comprehensive review of
gravitational instantons, see Ref. [8].
3Here and in what follows Greek indices are for curved Eucleadean space, while Latin indices are for tangent
(Eucleadian flat) space. Hence, γµ = eµaγ
a are curved space gamma-matrices, σab =
i
4
[γa, γb] are generators of
Eucleadean Lorentz rotations, forming SO(4) symmetry group, and ω abµ are spin-connection vector fields of the
gauged SO(4) symmetry. As usual, spin-connection fields are expressed through tetrad fields eaµ by fulfilling the
torsion-free condition. The standard metric formulation then is obtained through the relation: gµν = ηabe
a
µe
b
ν .
2
topology of this space near the horizon, r = a is that of S2×R2 where the sphere is parametrised
by (θ, φ) and the plane by (u, ψ). As r →∞, the metric asymptotically approaches that of flat
spacetime but with the restriction in the domain of ψ, we see that the boundary at infinity is
in fact S3/Z2 = RP
3.
This metric supports a self-dual U(1) gauge field (e.g., the electromagnetic field) of the
form [5]:
Ar = Aθ = 0
Aφ =
qa2
r2
cos θ
Aψ =
qa2
r2
where q is the U(1) charge of the instanton. This instanton satisfies the property:
F µν = F˜ µν =
1
2
√
g
ǫµνρσFρσ (7)
It should be noted that no such U(1) instanton solution exists in flat space-time and hence the
existence of such charged Eguchi-Hanson (CEH) instanton has important phenomenological
consequences as seen below. The action of the CEH instanton is given by:
SCEH =
1
4e2
∫
d4x
√
gF µνFµν =
1
8e2
∫
d4xǫµνρσFµνFρσ
=
4π2q2
e2
(8)
Note the 4π2 factor in Eq. (8) vs the standard 8π2 which appears in the action for pure Yang-
Mills instantons. This is due identification of antipodal points in the EH space, which becomes
a half of the (asymptotic) Euclidean space. More importantly, non-perturbative processes are
dominated by small-size CEH instantons due to the growing fine structure constant α = e2/4π
at small scales, in contrast to the dominance of large-size instantons in asymptotically free
Yang-Mills theories.
3 Fermions and their charge quantisation
In this section we ask the question whether the CEH space actually admits the existence of
fermion fields (spin structure). Consider a path at r = ∞ from ψ = 0 to ψ = 2π at fixed θ
and ϕ. Since the EH space approaches S3/Z2 topologically as r → ∞, this path is indeed a
loop. Furthermore, this is loop can not be contracted to a point. This can be most easily seen
near r = a wherein the space approaches R2 × S2 with the sphere parametrised by θ and φ
and the plane parametrised in plane polar coordinates by u = r
√
1− a4/r4 and ψ and the loop
goes encloses the origin of the plane. We see that the origin in this plane corresponds to the
3
singularity at r = a, thus implying that the loop is not contractible. Considering a fermion
with charge qe moving along such a loop, the additional phase obtained is given by:
qe
∮
Aµdx
µ = qe
∫ ∞
a
dr
∫ 2pi
0
dψFrψ
= 4πqe
∫ ∞
a
dr
−qa2
r3
= −2πqeq
This accumulated phase must be unobservable for fermion field to be defined consistently [9].
Hence, we require qeq = n for some n ∈ Z.4 Since the smallest observed charge carried by down-
type quarks is |qe| = 13 (in units of electron charge), we see that the possible instanton charges
are restricted to q = 3n. We find it quite remarkable that the very existence of fermions in
quantum gravity combined with electromagnetism automatically implies quantisation of electric
charge.
4 Anomalous non-conservation of chiral charge and CP
violation
The EH metric by itself forbids the existence of normalisable fermion zero modes even if these
are massless. This readily can be seen by squaring the Dirac operator /∇ ≡ iγµ(∂µ + 14ω abµ σab):
/∇2 = ∇µ∇µ − 1
4
R (9)
As the EH metric is self-dual, the Ricci scalar, R, is zero. Therefore, given a zero mode ψ, it
also satisfies /∇2ψ = ∇µ∇µψ = 0. Then, using partial integration, one finds:
∫
d4xψ†∇2ψ = −
∫
d4x|∇ψ|2 = 0 (10)
where the anti-hermitian property of the covariant derivative was used. Indeed, Eq. (10) implies
that ∇µψ = 0 ⇒ [∇µ,∇ν ]ψ = 0 ⇒ R abµν σabψ = 0 ⇒ ψ = 0. Hence, there are no non-trivial
normalisable fermion zero modes in the EH space alone. In other words, −∇µ∇µ is a positive
definite operator and has no zero modes.
In contrast, however, if one also introduces the U(1) gauge field, the picture changes signif-
icantly. The squared equation operator now becomes:
/D
2
=
1√
g
Dµ (
√
ggµνDν)− 1
2
iqeFµνσ
µν (11)
4This is reminiscent of the Dirac quantisation condition in the presence of magnetic monopoles [12].
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where Dµ = ∇µ − iqeAµ. Here, this last operator is indefinite and hence the prior argument
fails to hold. In order to illustrate the asymptotic behaviour of this zero mode as r → ∞,
consider the following tetrad frame:
eaµ = δ
a
µ + g−(r)x
µxa + g+(r)x˜
µx˜a
where g±(r) = −1+
(
1− a4
r4
)± 1
2
and x˜µ = (y,−x, t,−z). It is apparent that these tetrads behave
asymptotically as δµa+O(a
4/r4)xµxa
r2
and hence the spin connections, which are proportional to
the derivative of the tetrads also go as O(a4/r4). In contrast, the U(1) field goes as O(a2/r2).
Hence, we can ignore gravitational effects for r >> a and only consider the U(1) field. In
this region, it can be shown that ψ ≈ Fµνγµγνξ0 where ξ0 is a constant spinor is a solution
of the Dirac equation. This follows from the fact that ∂µF
µν = 0 and the observation that
γµAµψ ∼ O(a4/r4) which are considered small in this approximation. This solution goes as
1/r4 and hence is normalisable (small-size instantons).
According to the index theorems [10,11], the existence of fermion zero modes implies anoma-
lous non-conservation of a chiral charge in gravity-QED mediated nonperturbative processes.
The anomalous divergence of the chiral current Jµ5 = ψ¯γ5γ
µψ of a fermion ψ carrying a charge
qe reads:
∇µJµ5 =
q2e
8π2
FµνF˜
µν − 1
192π2
RabµνR˜
abµν . (12)
By integrating this equation and using Eq. (8) we compute change in chiral chargeQ5 ≡
∫
d3xJ05
due to the CEH instanton (the first term on the rhs of 12),
∆Q5 = 2q
2
eq
2 , (13)
while the pure gravitational EH instanton (the second term on the the rhs of 12) does not con-
tribute. This non-conservation comes in addition to the familiar chiral charge non-conservation
due to the QCD instantons, which is believed to be the origin of the η meson mass [13]. Thus
we expect that CEH instantons also contribute to the low energy QCD physics and it would be
interesting to study the related phenomenology. The implications of CEH instantons for axion
physics is discussed in [14] and some other interesting phenomenological aspects can be found
in [15].
Another important phenomenological consequence of CEH instantons is the violation of CP
parity in QED and gravity. Since CEH instantons mediate transitions between topologically
distinct vacuum states, the standard cluster decomposition argument implies the following CP
violating topological terms are necessarily present in the effective Lagrangian:
1√
g
L /CP = θQEDFµνF˜ µν + θgravRabµνR˜abµν (14)
The first term is supported by CEH instantons and the second term exists even if q = 0. Note
that in the presence of massless charged fermions θQED becomes unphysical and can be removed
by chiral transformations, while θgrav remains, since vacuum-to-vacuum transitions due to the
pure EH instantons remain effective due to the absence of fermion zero modes even for massless
fermions.
5
5 Outlook: embedding into the Standard Model
The phenomenological implications of CEH instantons become even richer when one considers
the full Standard Model [16]. The EH instantons charged under the electroweak group SU(2)×
U(1) lead to an anomalous violation of the lepton number in the Standard Model (assuming the
absence of right-handed sterile neutrinos) and induce new electroweak CP phases associated
with the weak isospin and hypercharge groups. This may have several interesting ramifications
which deserve further study. In particular, the electroweak CEH instantons may generate
nonperturbative masses for neutrinos, providing instantonic realisation of the gravitational
neutrino mass generation mechanism recently suggested in [17]. The simultaneous breaking of
CP and lepton number by gravitational instantons could be the source of the observed baryon
number (B) asymmetry in the universe. The scenario we keep in mind is that the electroweak
CEH instantons (or perhaps equivalent sphalerons), through nontrivial field configurations,
induce a lepton number (L) asymmetry at high temperatures. The required departure from
thermal equilibrium would be automatically guaranteed, since that gravitational interactions
below the Planck scale cannot sustain in thermal equilibrium. The generated lepton asymmetry
is then partly transferred into baryon asymmetry due to the equilibrium B+L number violating
processes induced by electroweak sphalerons.
To conclude, we have argued that charged Eguchi-Hanson gravitational instantons would
have a number of important implications for particle physics. Namely, we have identified
new CP violating phases and chiral and lepton number violating non-perturbative processes
associated with CEH instantons within the Standard Model, without extending its particle
content. It also provides a theoretical explanation of the observed quantisation of electric
charge of elementary fermions. All this points towards a rather prominent role of quantum
gravity in particle physics and cosmology, which has not been fully appreciated previously.
Note added After submitting this paper to arXiv, Professors S. Deser and M. Duff have
informed the authors about their work [18] where the possibility of CP violation in QED due
to gravitational effects was first suggested.
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